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Abstract-we demonstrate by construction that the (conjectured) lower bound for the volume 
product 
holds with equality for a simplex. 
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Let K be a convex body in lRn with volume V,(K), and take x to be an interior point of K, K”. 
The polar reciprocal body of K with respect to x is given by: 
(K*;x) = {z E Iw”j(z - x, y - x) I I, VY E K}. (1) 
The polar body (K*;x) is a function of K and (the point of duality) x E K”. From [l, p. 4271 
we read, “It has been repeatedly conjectured that 
K(K)K(K*) 2 
(n + l)n+l 
(n!)2 (2) 
. . . with equality precisely for simplices.” In this note, we demonstrate by construction that 
equality holds in (2) when K is a simplex. For further references to the literature concerning this 
problem, see also [2,3]. 
We begin with a few basic definitions to establish notation. A hyperplane H in ll?’ can be 
written a.5 
H = {x E IWn 1 (n,x) = a}, 
where n is the normal vector to the hyperplane and n = (ni, 712,. . . , n,). The Plucker vector of 
a hyperplane that does not pass through the origin is 
P(n) = (xTn,. 
The facets of a convex polyhedron P are given by 
F={xcP~(7r,x) +7rcl=0}, 
wherer= (ri,...,~,). 
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APPROACH 1. Constructive. 
To construct the dual polytope we proceed as follows. 
Input: Pm = {Xl,... ,Xm};Xi=(xi1,q2 ,..., zin), i=l,..., m>n+l;Q=(qr ,..., q,J; 
output: P,* = {x;, . . . ,X,*}; XT = (2;~,2,7,, . . . ,x,f,), i = 1,. . . ,T. 
Step 1. Determine the facets F of Pm; i.e., determine x = (~1,. . . , n,) and ~0 for each facet. 
Step 2. Determine the extreme vertices of (P,*; Q) with respect to Q. 
The problem of determining the facets of P,,, for a general input vertex set is nontrivial, so 
to avoid a lengthy discourse on this problem, we might as well just assume that the input data 
is a description of the facets of Pm (this is no loss in generality since we can transition between 
the two problems via linear programming [4]). If the facets of Pm are given, then the polar 
polyhedron is simply the convex hull of its associated Plucker vectors. The l-l correspondence 
between the facets of P,,, and the vertices of (P,*; Q) is well known [5,6]. With respect to an 
arbitrary point Q E Pk, the correspondence can be written explicitly as 
or, in terms of components, 
for i = l,..., r which correspond to the number of facets of Pm. We use this construction in the 
following proposition. 
PROPOSITION. Let A = A(ea, er,. . . , e,), where ee is the origin, and er = (l,O, 0,. . . ,O), e2 = 
(O,l, 0,. . . ,O), . . . , e, = (O,O,. . . , 0,l) E KY. Let A* represent the polar polyhedron with respect 
to the center-of-gravity of A, g(A). Then V,(A)V,(A*) = (n + l)“+‘/(n!)2. 
PROOF. Note that A is the standard n-dimensional simplex defined by the following inequalities: 
and g(A) is simply 
g(A) = A,...+ 
n+l 
. 
The facet description of A is immediate from its representation, and with each facet of A we 
associate a polar vertex A,t, i = 0,. . . , n. 
Consider first the facet ~1 + 33 + . . . + xn = 1 and duality point g(A). Since 71 = (1, 1, . . . , 1) 
and rre = -1 (for simplicity we avoid the superscripts on 7r and TO), it is clear that 
xi 1 1 1 - 
fqi 
(n + 1)2 
= + - = b,Q) fro n/(n + 1) - 1 ntl nfl ’ 
for i = 1 , . . . , n. Hence, the polar vertex associated with the facet zrl + x2 + -. . + 5, = 1 is 
A* 
( 
1 - (n + 1)2 1 - (n + 1)2 1 - (n + 1)2 
0 
= 
nfl ’ ntl ““’ > n-t1 ’ 
For facet 21 = 0, we have x = (l,O,. . . ,O) and ~0 = 0. In this case, the components of the 
vector of the associated polar vertex must be considered separately. The first component of the 
polar vertex is computed as follows: 
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and for i = 2,. . . , 72, 
TITi 1 
(~7 Q) + no 
+qi=- 
n+l’ 
since 7r~i = 0 for i 2 2. The corresponding polar vertex is thus 
A* = l+(n+l)’ 1 1 
1 n+l 
‘n+l’““n+l 
Ingeneral, Aa, i = l,... , n corresponds to facet xi = 0, i = 1,. . . , n and 
1+ (n+ 1)s 1 1 
n+l’““n+l’ n+l -> ‘n+l’““n+l ’ 
where the (1 + (n + 1)2)/(n + 1) term is in the ith position. 
The polar polyhedron A* is itself a simplex and its center-of-gravity coincides with g(A). To 
compute the center-of-gravity of A*, sum the first component terms in Af , i = 0, 1, . . . , n, and 
then divide by the number of terms present, n + 1; e.g., an arbitrary column summation yields 
1 - (n + 1)2 
nfl 
+ 1 + (n + 1)2 
n+l 
and so. 
g(A*;dA)) = -&N-&) = g(A). 
(From Santalo’s Theorem [2], it is clear that the volume of A* is minimal.) The volume of the 
standard simplex is 
1 0 0 ... 1 
(n+l)x(n+l) 
and the volume of the dual simplex is 
1 1-(n+1)2 1-(n+1)2 1-(n+1)2 ... 
n+l n+l ntl 
1 1+ (n+ 1)2 1 1 
n+l n+l ‘.’ n+l 
%(A* ‘) = -$ det 1 1 l+(n+l)2 - ... _ 1 
nfl n+l n+l 
. . 
1 1 1 l+(n+ - 
ntl nfl “’ nfl 
1‘ L 
To compute the above determinant, we need the following lemma. 
LEMMA. Let 
i 
1 a a ... a 
1 b 1 ... 1 
M= 1 1 b ... 
. 
. . 
. . . . . : 
1 1 1 ... 
I 1 
b 
(n+i)x(n+i) 
Then det(M) = (b - l)n-l(b - 1 + n(1 - a)). 
,” 
. (3) 
(n+l)x(n+1) 
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PROOF OF LEMMA. We first note that 
det(M) = det(A,) - nadet(B,), (4) 
To see this, we denote by Mi the submatrix obtained by deleting the first column and ith row 
from M, i = l,..., n + 1, and then by expanding det(M) along the first column, we obtain 
det(M) = ~~=+l’(-l)i+’ det(Mi). Since for i = 3,. . . , n + 1, Mi only differs from Mz by (i - 2) 
column permutations, det(Mi) = (-l)i-2 det(Ms) = (-l)i det(M2). So, 
n+l 
det(M) = det(Mr) + c(-l)(i+‘+i) det(M2) 
i=2 
n+l 
= det(Ml) + x(-l) det(M2) 
i=2 
= det(Mr) - ndet(Ms). 
Since MI = A, and det(Ms) = adet(B,), det(M) = det(A,) - nadet(B,). 
To complete the proof, we need the following two sublemmas. 
SUBLEMMA 1. det(A,) = (b - l)“-‘(b + n - 1). See [7, p. 270, Exercise 6.521. 
SUBLEMMA 2. det(B,) = (b - 1),-l. 
PROOF OF SUBLEMMA 2. We proceed by induction on n. For n = 1, the assertion is obvious. 
Now let n > 1, and apply (4) with a = 1. Then det(B,+r) = det(A,) - n. 1 det(B,). By the 
induction hypothesis and Sublemma 1, 
det(B,+r) = det(A,) - ndet(B,) 
= (b - l)“-r(b + n - 1) - n(b - l)+r 
= (b - l)+‘(b + n - 1 - n) 
= (b - l)n-‘(b - 1) 
= (b - 1)“. 
Now from (4) and the above sublemmas, it follows that 
det(M) = (b - l)“-‘(b + n - 1) - an(b - l)n-l 
= (b - l)n-‘(b + n - 1 - an) 
= (b - l)+‘[(b - 1) + n(1 -a)]. 
This proves the Lemma. 
Now from (3), 
1 - (72 + 1)2 
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1 l-(n+1)2 1-(7x+1)2 **. 
1 l+(n+1)2 1 . . . 
V(A*) = 
(n + &(n!) det l l 
1+(n+1)2 ... 
. . 
1 1 1 . . . 
1 
1+ (n + 1)2 , 
Apply the Lemma with a = 1 - (n + 1)2 and b = 1 + (n + 1)2 to yield 
v(A*) = (n + I&n!) 
[((n + lyl ((n + 1)2 + n(?z + 1)2)] 
= (7% + &(n!) 
[((n + 1y2 ((n + q2(n + l))] 
= (n + &(,!) (n + l)2n+‘. 
Therefore, 
2n+l 
v(A)v(A*) = c;+,+-&n,)2 = (n ;$);+l. 
APPROACH 2. “Folklore.” 
(n+l)x(n+l) 
I 
A simple demonstration of this result which relies on some results from n-dimensional geometry 
is also instructive. Since V,(K)V,(K*) is an alline invariant, we may assume that K is a regular 
simplex with centroid at the origin. If s is its edge length, elementary calculations [8] yield for 
the inradius r,, circumradius R,, and volume V, of K the values 
i--n= &+, Rn= 
Hence, by choosing s = d!, T, = 1, and K’ has circumradius 1 and thus edge length 
ml)ln. Then (2) follows immediately. I 
Although the constructive approach is more complicated than the “folklore” technique, it is 
also more useful, since the construction can be used in the (numerical) solution of the more 
general polar optimization problem minzeK V(K*; x). 
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